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Abstract
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robust risk measure for the purpose of external, regulatory risk measurement.
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1 Introduction

Choosing a proper risk measure is an important regulatory issue, as exemplified in
governmental regulations such as Basel II (Basel Committee, 2006), which uses VaR
(or quantiles) along with scenario analysis as a preferred risk measure. The main
motivation of this paper is to investigate whether VaR, in combination with sce-
nario analysis, is a good risk measure for external regulation. By using the notion of
comonotonic random variables studied in decision theory literatures such as Schmei-
dler (1986, 1989), Yaari (1987), Tversky and Kahneman (1992), Wakker and Tversky
(1993), and Wang, Young, and Panjer (1997), we shall postulate a new set of axioms
that are more general and suitable for external, regulatory risk measures. In particu-
lar, this paper provides a theoretical basis for using VaR along with scenario analysis

as a robust risk measure for the purpose of external, regulatory risk measurement.

1.1 Background

Broadly speaking a risk measure attempts to assign a single numerical value to a ran-
dom financial loss. Obviously, it can be problematic to use one number to summarize
the whole statistical distribution of the financial loss. Therefore, one shall avoid doing
this if it is at all possible. However, in many cases there is no other choice. Examples
of such cases include margin requirements in financial trading, insurance risk premi-
ums, and regulatory deposit requirements. Consequently, how to choose a good risk
measure becomes a problem of great practical importance.

In this paper we only study static risk measures, i.e., one period risk measures.
Mathematically, let €2 be the set of all possible states of nature at the end of an
observation period, X’ be the set of financial losses under consideration, in which each
financial loss is a random variable defined on €. Then a risk measure p is a mapping
from X to the real line R. The multi-period or dynamic risk measures are related to
dynamic consistency or time-consistency for preferences; see for instance, Koopmans
(1960); Epstein and Zin (1989); Duffie and Epstein (1992); Wang (2003); Epstein and
Schneider (2003).

There are two main families of static risk measures suggested in the literature,
coherent risk measures proposed by Artzner, Delbaen, Eber, and Heath (1999) and
insurance risk measures proposed by Wang, Young, and Panjer (1997). To get a coher-

ent risk measure, one first chooses a set of scenarios (different probability measures),



and then defines the coherent risk measure as the maximal expected loss under these
scenarios. To get an insurance risk measure, one first fixes a distorted probability,
and then defines the insurance risk measure as the expected loss under the distorted
probability (only one scenario). Both approaches are axiomatic, in the sense that
some axioms are postulated first, and then all the risk measures satisfying the axioms
are identified.

Of course, once some axioms are postulated, there is room left to evaluate the
axioms to see whether the axioms are reasonable for one’s particular needs, and, if

not, one should discuss possible alternative axioms.

1.2 Objectives of Risk Measures: Internal vs. External Risk
Measures

The objective of a risk measure is an important issue that has not been well addressed
in the existing literature. In terms of objectives, risk measures can be classified into
two categories: internal risk measures used for firms’ internal risk management, and
external risk measures used for governmental regulation. Internal risk measures are
proposed for the interests of a firm’s managers or/and equity shareholders, while ex-
ternal risk measures are used by regulatory agencies to maintain safety and soundness
of the financial system. One risk measure may be suitable for internal management,
but not for external regulation, and vice versa. There is no reason to believe that one
unique risk measure can fit all needs.

In this paper, we shall focus on external risk measures from the viewpoint of
governmental /regulatory agencies. We will show in Sections 3 and Section 4 that
an external risk measure should be robust, i.e., it should not be very sensitive to
modeling assumptions or to outliers in the data.! In addition, external risk measures
should emphasize the use of data (historical and simulated) rather than solely depend

on subjective models.

1.3 Contribution of This Paper

In this paper we complement the previous approaches of coherent and insurance

risk measures by postulating a different set of axioms. The new risk measures that

I Mathematically, robustness has been studied extensively in the statistics literature, e.g. Huber
(1981) and Staudte and Sheather (1990).



satisfy the new set of axioms are fully characterized in the paper. More precisely, the
contribution of this paper is eightfold.

(1) We give the reasons why a different set of axioms are needed: (a) We present
some critiques of subadditivity from the viewpoints of law and robustness (see Sec-
tion 3 and Section 4), as well as from the viewpoints of diversification, bankruptcy
protection, and decision theory (see Section 5). (b) The main drawback of insurance
risk measures is that they do not incorporate scenario analysis; i.e., unlike coher-
ent risk measures, an insurance risk measure chooses a single distorted probability
measure, and does not allow one to compare different distorted probability measures
(see Section 2). (c) What is missed in both coherent and insurance risk measures is
the consideration of data (historical and simulated). Our approach is based on data
rather than on some hypothetical distributions.

(2) A new set of axioms based on data and comonotonic subadditivity are postu-
lated and natural risk statistics are defined in Section 6. A complete characterization
of natural risk statistics is given in Theorem 1.

(3) Coherent risk measures rule out the use of VaR. Theorem 1 shows that natural
risk statistics include VaR as a special case and thus give an axiomatic justification
to the use of VaR in combination with scenario analysis.

(4) An alternative characterization of natural risk statistics based on statistical
acceptance sets is given in Theorem 2 in Section 6.2.

(5) Theorem 3 and Theorem 4 in Section 7.1 completely characterize data-based
coherent risk measures and data-based law-invariant coherent risk measures. Theorem
4 shows that coherent risk measures are in general not robust.

(6) Theorem 5 in Section 7.2 completely characterizes data-based insurance risk
measures. Unlike insurance risk measures, natural risk statistics can incorporate
scenario analysis by putting different set of weights on the sample order statistics.

(7) We point out in Section 4 that natural risk statistics include tail conditional
median as a special case, which is more robust than tail conditional expectation
suggested by coherent risk measures.

(8) In the existing literature, some examples are used to show that VaR does
not satisfy subadditivity. However, we show in Section 8 if one considers the tail
conditional median, or equivalently considers VaR at a higher level, the problem of

non-subadditivity of VaR disappears.



2 Review of Existing Risk Measures

2.1 Value-at-Risk

One of the most widely used risk measures in financial regulation and risk management
is Value-at-Risk (VaR), which is a quantile at some pre-defined probability level. More
precisely, given o € (0,1), VaR of the loss variable X at level « is defined as the -
quantile of X, i.e.,

VaR,(X) = min{z | P(X <z) > a}. (1)

The banking regulation Basel II (Basel Committee, 2006) specifies VaR at 99th per-

centile as a preferred risk measure for measuring market risk.

2.2 Coherent and Convex Risk Measures

2.2.1 Subadditivity and Law Invariance

Artzner, Delbaen, Eber, and Heath (1999) propose the coherent risk measures that
satisfy the following three axioms:

Axiom A1l. Translation invariance and positive homogeneity:
p(aX +b) =ap(X)+0b, Va>0,¥beR VX ecX.

Axiom A2. Monotonicity: p(X) < p(Y), if X <Y.

Axiom A3. Subadditivity: p(X +Y) < p(X) + p(Y), for any X, Y € X.

Axiom Al states that the risk of a financial position is proportional to the size of
the position, and a sure loss of amount b simply increases the risk by b. This axiom
is proposed from the accounting viewpoint. For many external risk measures, such
as margin deposit and capital requirement, the accounting-based axiom seems to be
reasonable. Axiom Al is relaxed in convex risk measures,? by which the risk of a
financial position does not necessarily increases linearly with the size of that position.
Axiom A2 is a minimum requirement for a reasonable risk measure.

What is questionable lies in the subadditivity requirement in Axiom A3, which
basically means that “a merger does not create extra risk" (Artzner, Delbaen, Eber,
and Heath, 1999, pp. 209). We will discuss the controversies related to this axiom in

Section 5.

2Convex risk measures are proposed by Follmer and Schied (2002) and independently by Frittelli
and Gianin (2002), in which the positive homogeneity and subadditivity axioms are relaxed to a
single convexity axiom: p(AX + (1 = AN)Y) < Ap(X) + (1 = N)p((Y), for any X, Y € X, A € [0,1].
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Artzner, Delbaen, Eber, and Heath (1999) point out that it is shown by Huber
(1981) that if © has a finite number of elements and X is the set of all real random
variables, then a risk measure p is coherent if and only if there exists a family Q of

probability measures on 2, such that

p(X) = sup{E°[X]}, VX € X,
QeQ

where E?[X] is the expectation of X under the probability measure ). Delbaen
(2002) extends the above result to general probability spaces with infinite number
of states, assuming the Fatou property. Therefore, measuring risk by a coherent
risk measure amounts to computing maximal expectation under different scenarios
(different @)s), thus justifying scenario analysis used in practice. Artzner, Delbaen,
Eber, and Heath (1999) and Delbaen (2002) also present an equivalent approach of
defining coherent risk measures via acceptance sets.

A special case of coherent risk measures is the tail conditional expectation (TCE).?
More precisely, the TCE of the loss X at level « is defined by

TCE,(X) = mean of the a-tail distribution of X. (2)
If the distribution of X is continuous, then
TCE,(X) = E[X|X > VaR,(X)]. (3)

For discrete distributions, TCE,(X) is a regularized version of E[X|X > VaR,(X)].
TCE satisfies subadditivity for continuous random variables, and also for discrete
random variables if one defines quantiles for discrete random variables properly (see
Acerbi and Tasche, 2002).

Another property of risk measures is called law invariance, as stated in the fol-
lowing axiom:

Axiom A4. Law invariance: p(X) = p(Y'), if X and Y have the same distribution.

Law invariance means that the risk of a position is determined purely by the loss
distribution of the position. A risk measure is called a law-invariant coherent risk
measure, if it satisfies Axiom A1-A4. Kusuoka (2001) gives a representation for the

law-invariant coherent risk measures.

3Tail conditional expectation is also called expected shortfall by Acerbi, Nordio, and Sirtori (2001)
and conditional value-at-risk by Pflug (2000) and Rockafellar and Uryasev (2000), respectively.



2.2.2 Main Drawbacks

A main drawback of coherent risk measures is that in general they are not robust
(see Section 7.1). For example, TCE is too sensitive to the modeling assumption for
the tails of loss distributions, and it is sensitive to outliers in the data (see Section
4.3). However, robustness is an indispensable requirement for external risk measures,
as we will point out in Section 4. Hence, coherent risk measures may not be suitable
for external regulation.

Another drawback of coherent risk measures and convex risk measures is that they
rule out the use of VaR as risk measures, because VaR may not satisfy subadditivity
(see Artzner, Delbaen, Eber, and Heath, 1999). The very fact that coherent risk
measures and convex risk measures exclude VaR and quantiles posts a serious incon-
sistency between the academic theory and governmental practice. The inconsistency
is due to the subadditivity Axiom A3. By relaxing this axiom and requiring subaddi-
tivity only for comonotonic random variables, we are able to find a new set of axioms
and define the new risk measures that include VaR and quantiles, thus eliminating

the inconsistency.

2.3 Insurance Risk Measures

Wang, Young, and Panjer (1997) propose the insurance risk measures that satisfy the
following five axioms:

Axiom B1. Law invariance: the same as Axiom A4.

Axiom B2. Monotonicity: p(X) < p(Y), if X <Y almost surely.

Axiom B3. Comonotonic additivity: p(X +Y) = p(X) + p(Y), if X and Y are
comonotonic. (X and Y are comonotonic if (X (w;) — X(w2))(Y(wy1) — Y(wz)) >0
holds almost surely for w; and ws in .)

Axiom B4. Continuity:

lim p((X —d)") = p(X7), lim p(min(X, d)) = p(X), lim p(max(X,d)) = p(X),
where 7 £ max(z,0), Vo € R.

Axiom B5. Scale normalization: p(1) = 1.

The notion of comonotonic random variables is studied in Schmeidler (1986), Yaari
(1987) and Denneberg (1994). If two random variables X and Y are comonotonic,

then X (w) and Y (w) always move in the same direction as the state w changes. For



example, the payoffs of a call option and its underlying asset are comonotonic. The
psychological motivation of comonotonic random variables comes from alternative
models to expected utility theory including the prospect theory (see Section 5.3).
Dhaene, Vanduffel, Goovaerts, Kaas, Tang, and Vyncke (2006) give a recent review
of risk measures and comonotonicity.

Wang, Young, and Panjer (1997) prove that if X contains all the Bernoulli(p)
random variables, 0 < p < 1, then the risk measure p satisfies Axiom B1-B5 if and
only if p has a Choquet integral representation with respect to a distorted probability:

0 o0
o) = [ XdgoP) = [ (o(P(X > ) =i+ [ g(PX > )t (1)
—0 0
where g(-) is called the distortion function that is nondecreasing and satisfies g(0) =
0 and g(1) = 1, and g o P is called the distorted probability that is defined by
go P(A) = g(P(A)), for any event A. The detailed discussion of Choquet integration
can be found in Denneberg (1994).

It should be emphasized that VaR satisfies Axioms B1-B5 (see Corollary 4.6 in
Denneberg, 1994, for the proof that VaR satisfies Axiom B4) and hence is an in-
surance risk measure. In general, an insurance risk measure in (4) does not satisfy
subadditivity, unless the distortion function g(-) is concave (see Denneberg, 1994).

A main drawback of insurance risk measures is that they do not incorporate sce-
nario analysis. Unlike coherent risk measures, an insurance risk measure corresponds
to a fixed distortion function g and a fixed probability measure P, so it does not allow
one to compare different distortion functions or different probability measures.

The main reason that insurance risk measures rule out scenario analysis is that
they require comonotonic additivity. Wang, Young, and Panjer (1997) impose comonotonic
additivity based on the argument that comonotonic random variables do not hedge
against each other. However, this is true only if one focuses on one scenario. The
counterexample at the end of Section 7 shows that if one incorporates different scenar-
ios, one can get strict subadditivity rather than additivity for comonotonic random
variables. Hence, Axiom B3 may be too restrictive. To incorporate scenario analysis,
we shall relax the comonotonic additivity to comonotonic subadditivity.

The mathematical concept of comonotonic subadditivity is also studied indepen-
dently by Song and Yan (2006a), who give a representation of the functionals satis-
fying comonotonic subadditivity or comonotonic convexity from a mathematical per-

spective. Song and Yan (2006b) give a representation of risk measures that respect
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stochastic orders and are comonotonically subadditive or convex.

There are several differences between Song and Yan (2006a,b) and this paper.
First, we provide a full mathematical characterization of the new risk measures that
are based on data rather than on some hypothetical distributions. Second, we pro-
vide alternative axioms to characterize the new risk measures through acceptance
sets. Third, we provide legal, economic, and psychological reasons for postulating the
comonotonic subadditivity axiom. Fourth, we give two representations of the data-
based coherent and insurance risk measures in Section 7, so that we can compare the
new risk measures with existing risk measures. Fifth, we give some counterexamples
in Section 8 showing that the tail conditional median can satisfy subadditivity when
VaR fails to do so.

3 Legal Motivation

In this section, we shall summarize some basic concepts of law that motivate us to
propose a new set of axioms for external risk measures. Since axioms are always
subject to debate and change, proposing a new set of axioms is useful in that it
provides people with more choices to apply in different circumstances.

Just like there are key differences between internal standards (such as morality)
and external standards (such as law and regulation), there are differences between
internal and external risk measures. By understanding basic concepts of law, we will
have a better understanding of desirable properties of external risk measures. We
shall point out: (1) External risk measures should be robust, because robustness is
essential for law enforcement. (2) External risk measures should have consistency
with people’s behavior, because law should reflect society norms.

There is a vast literature on the philosophy of law (see, e.g., Hart, 1994). Two
concepts to be discussed here are legal realism and legal positivism. The former
concerns the robustness of law, while the latter concerns the consistency of law to

social norms.

3.1 Legal Realism and Robustness of Law

Legal realism is the viewpoint that the legal decision of a court regrading a case is
determined by the actual practices of judges, rather than the law set forth in statutes

and precedents. All legal rules contained in statutes and precedents have uncertainty



due to the uncertainty in human language and that human beings are unable to
anticipate all possible future circumstances (Hart, 1994, pp. 128). Hence, a law is
only a guideline for judges and enforcement officers (Hart, 1994, pp. 204-205), i.e., a
law is only intended to be the average of what judges and officers will decide. This
concerns the robustness of law, i.e., a law should be established in such a way that
different judges will reach similar conclusions when they implement the law.

In particular, the enforcement of a risk measure in banking regulation requires
that the risk measure should be robust with respect to underlying models and data;
otherwise, it is very hard for the government to enforce the risk measure upon firms.
Furthermore, without robustness, the risk measure may even be vulnerable to firms’
manipulation; for example, a firm may choose a model that significantly reduces
the regulatory capital requirement. However, coherent risk measures generally lack
robustness, as discussed in Section 4 and manifested in Theorem 4 (see Section 7.1).
Section 4.3 shows that tail condition median, a special case of the proposed new risk

measures, is more robust than tail conditional expectation.

3.2 Legal Positivism and Social Norm

Legal positivism is the thesis that the existence and content of law depend on social
norms and not on their merits. It is based on the argument that if a system of rules
are to be imposed by force in form of law, there must be a sufficient number of people
who accept it voluntarily; without their voluntary cooperation, the coercive power of
law and government cannot be established (Hart, 1994, pp. 201-204).

Therefore, risk measures imposed in banking regulations should also reflect most
people’s behavior; otherwise, the regulation cannot be enforced. However, decision
theory suggests that most people’s decision can violate the subadditivity Axiom A3
(see Section 5.3 for details). This motivates us to propose the new risk measures that

are consistent with most people’s behavior.

3.3 An Example of Speed Limit

An illuminating example manifesting the above ideas is setting up speed limit on the
road, which is a crucial issue involving life and death decisions. In 1974, the U.S.
Congress enacted the National Maximum Speed Law that federally mandated that
no speed limit may be higher than 55 mph. The law was widely disregarded, even

10



after the speed limits on certain roads were increased to 65 mph in 1987. In 1995,
the law was repealed and the choice of speed limit was returned to each state, in part
because of notoriously low compliance.

Today, the “Manual on Uniform Traffic Control Devices” of American Associa-
tion of State Highway and Transportation Officials recommends setting speed limit
near the 85th percentile speed of free flowing traffic with an adjustment taking into
consideration that people tend to drive 5 to 10 miles above the posted speed limit.*
This recommendation is adopted by all states and most local agencies.> Although the
85th percentile rule appears to be a simple method, studies have shown that crash
rates are lowest at around the 85th percentile.

The 85th percentile speed manifests the robustness of law and its consistency to
social norms: (1) The 85th percentile rule is robust in the sense that it is based on
data rather than on some subjective models, and it can be implemented consistently.
(2) The laws that reflect the behaviors of the majority of drivers are found to be
successful, while the laws that lack the consent and voluntary compliance of the

public majority cannot be effectively enforced.

4 The Main Reason to Relax Subadditivity: Ro-
bustness

4.1 Robustness is Indispensable for External Risk Measures

In determining capital requirement, regulators allow firms to use their own internal
risk models and private data in the calculation of regulatory capital. The reliance on
the firms’ internal models and private data is largely due to the fact that only the firms
themselves have the necessary information to identify and evaluate all relevant risks.
For example, Basel II’s advanced approaches allow firms to use their own internal
models to calculate the capital requirement for the market risk.

There are two issues rising from the use of internal models and private data in
external regulation: (1) The data can be noisy, flawed or unreliable. (2) There can be
several feasible models for the same asset or portfolio, as the true model may never
be identified from the data.

4See Transportation Research Board of the National Academies (2003), pp. 51.
®See Institute of Transportation Engineers (2000).
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For example, the heaviness of tail distributions cannot be identified in many cases.
Although it is accepted that stock returns have tails heavier than those of normal
distribution, one school of thought believes that the tails are exponential-type, while
another believes that the tails are power-type. Heyde and Kou (2004) show that it
is very difficult to distinguish between exponential-type and power-type tails with
5,000 observations (about 20 years of daily observations). This is mainly because the
quantiles of exponential-type distributions and power-type distributions may overlap.
For example, surprisingly, an exponential distribution has a larger 99th percentile
than the corresponding t-distribution with degree of freedom 5. If the percentiles
have to be estimated from data, then the situation is even worse, as we have to rely
on confidence intervals that may have significant overlaps. Therefore, with ordinary
sample sizes (e.g. 20 years of daily data), one cannot easily identify exact tail behavior
from data. In summary, the tail behavior may be a subjective issue depending on
people’s modeling preferences.

To address the two issues above, external risk measures should demonstrate ro-
bustness with respect to underlying models and data. When an external risk measure
is imposed by a regulator, it must be unambiguous, stable, and be able to be im-
plemented consistently throughout all the relevant firms, no matter what internal
beliefs or internal models each individual firm may have. In situations when the cor-
rect model cannot be identified, two firms that have exactly the same portfolio can
use different internal models, both of which can obtain the approval of the regula-
tor. From the regulator’s point of view, the same portfolio should incur the same
or at least almost the same amount of regulatory capital. Therefore, the external
risk measure should be robust, otherwise different firms can be required to hold very
different regulatory capital for the same risk exposure, which makes the risk measure
unacceptable to most firms. In addition, if the external risk measure is not robust,
firms can take regulatory arbitrage by choosing a model that significantly reduces the

regulatory capital requirement.

4.2 Coherent Risk Measures Are Not Robust

The robustness of coherent risk measures is questionable in two aspects.
First, the theory of coherent risk measures suggests to use TCE to measure risk.
However, as we will show in Section 4.3, TCE is sensitive to model assumptions of

heaviness of tail distribution and to outliers in the data.
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Second, in general, coherent risk measures are not robust. Given a set of obser-
vations & = (x1,...,2,) from a random loss X, let (x(y),..., %)) denote the order
statistics of the data 7 with z(,) being the largest. We will prove in Theorem 4
(in Section 7) that any empirically law-invariant coherent risk measure (%) can be

represented by

p®) = sup{> iy ), (5)

DEW 7
where W = {0} is a set of nonnegative weights with each @ = (wy,...,w,) € W
satisfying w; < wy < -+ < w,. Because the risk measure in formula (5) puts larger

weights on larger observations, it is obviously not robust. Therefore, coherent risk
measures are generally not robust. An extreme case of coherent risk measures is the

maximum loss x(,), which is not robust at all.

4.3 Tail Conditional Median: a Robust Risk Measure

We propose a more robust risk measure, tail conditional median (TCM), for external
regulation. TCM of the loss X at level « is defined as

TCM,(X) = median[X | X > VaR,(X)]. (6)

In other words, TCM,,(X) is the conditional median of X given that X > VaR,(X).
TCM is a special case of the new risk measures to be defined in Section 6. If X

has a continuous distribution, then
TCM,(X) = VaRHTa (X).

This shows that VaR at a higher level can incorporate tail information, which con-
tradicts some claims in the existing literature. For example, if one wants to measure
the size of losses beyond 95% level, one can use VaR at 97.5%, which is TCM at 95%
level. For discrete random variables or data, one simply uses (6) to define TCM and
there may be a difference between TCM,(X) and VaR11a (X), depending on how
quantiles of discrete data are defined.

There are many examples in the existing literature showing that VaR violates
subadditivity. However, Section 8 shows that in those examples subadditivity will
not be violated if one replaces VaR by TCM.

13



Tail conditional median is more robust than tail conditional expectation, as demon-
strated in Figure 1. The left panel of the figure shows the value of TCE, with re-
spective to log(1 — a) for Laplacian distribution and T distribution, where « is in
the range [0.95,0.999]. The right panel of the figure shows the value of TCM, with
respective to log(1 — «) for Laplacian distribution and T distribution. As seen from
the figure, TCM, is more robust than TCE, in the sense that it is less sensitive to
the tail behavior of the underlying distribution. For example, with o = 99.6%, the
variation of TCE, with respect to the change of underlying models is 1.44, whereas
the variation of TCM,, is only 0.75.

Tail conditional expectation for Tail conditional median for
Laplacian and T distributions Laplacian and T distributions
9 9r
—Laplacian —Laplacian
“““ T-3 S T-3
: ---T-5 ---T-5
8 --T-12 8 --T-12
s 7

1.44 0.75

Figure 1: Comparing the robustness of tail conditional expectation and tail condi-
tional median. The distributions used are Laplacian distribution and T distributions
with degree of freedom 3, 5, 12, normalized to have mean 0 and variance 1. The
x-axis is log(1 — ) where o € [0.95,0.999]. Tail conditional median is less sensitive
to changes in the underlying distributions, as the right panel has a narrower range in
y-axis.

The robustness of TCM can also be theoretically justified by its bounded influence
function. The influence function is introduced by Hampel (1974) as a useful tool for
assessing the robustness of an estimator. Consider an estimator 7'(F') based on an

unknown distribution F'. For x € R, let 9, be the point mass 1 at x. The influence
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function of the estimator T'(F') at x is defined by

IF(z,T,F) = hfgl T(1-¢e)F —;géx) — T(F)‘

The influence function yields information about the rate of change of the estimator
T'(F) with respect to a contamination point x to the distribution F'. An estimator 7" is
called bias robust at F, if its influence function is bounded, i.e., sup, I F(x, T, F') < oc.
If the influence function of an estimator T'(F’) is unbounded, then an outlier in the
data may cause problems. By simple calculation,’ TCE has an unbounded influence
function but TCM has a bounded influence function, which implies that TCM is more

robust than TCE with respect to outliers in the data.

4.4 Robust Risk Measures vs. Conservative Risk Measures

A risk measure is said to be more conservative than another one, if it generates higher
risk measurement than the other for the same underlying risk exposure. The use of
more conservative risk measures in external regulation is desirable from a regulator’s
viewpoint, since it generally increases the safety of the financial system (Of course,
risk measures should not be too conservative to retard the economic growth).

There is no contradiction between the robustness and the conservativeness of
external risk measures. Robustness addresses the issue of whether a risk measure can
be implemented consistently, so it is a requisite property of an external risk measure.
Conservativeness addresses the issue of how heavily an external risk measure should
be implemented to regulate the financial market, given that the external risk measure
can be implemented consistently. In other words, being more conservative is a further
desirable property of an external risk measure. An external risk measure should be
robust in the first place before one can consider the issue of how to implement it in
a conservative way.

For two reasons it is wrong to argue that TCE is more conservative than TCM
and hence is more suitable for external regulation:

(1) It is not true that TCE is more conservative than TCM. Indeed, it is not clear
which of the two risk measures gives higher risk measurement. Eling and Tibiletti
(2008) compare TCE and TCM for a set of capital market data, including the returns
of S&P 500 stocks, 1347 mutual funds and 205 hedge funds, and find that although

6See Appendix E.
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TCE is on average about 10% higher than TCM at standard confidence levels, TCM
is higher than TCE in about 10% of all cases. Therefore, TCE is not necessarily more
conservative than TCM.

(2) Because TCE is not robust, from a legal viewpoint it cannot be implemented
consistently. Therefore, TCE is not suitable for external regulation.

A feasible approach to combine robustness and conservativeness is to implement
a robust risk measure in a conservative way as follows:

(1) Stress testing and scenario analysis can be used to generate data that incorpo-
rate the possible effects of extreme events that lie outside normal market conditions.
The generated data can be combined with the original historical data for the calcu-
lation of risk measure.

(2) Regulators can simply multiply the original risk measure by a larger constant
to obtain a more conservative risk measure. For example, in Basel II, the regulatory
capital for market risk is defined as k - VaR, where k is a constant bigger than 3.
The regulator can choose a larger k£ in the implementation. This is equivalent to
postulating p(1) = k instead of p(1) = 1 as an axiom for defining the risk measure p.

(3) One can use more weights in the definition of the risk measure. More precisely,

it is shown in Section 6 that a natural risk statistic can be represented as

n
p(E) = sup{D_wiz(y},
DEW 3
where W = {@ = (w1,...,w,)} is a set of nonnegative weights. In contrast to a
coherent risk statistic represented in equation (5), each weight @ here does not need
to satisfy w; < wy < --- < w,. By including more weights w in the set WV, one can

get a natural risk statistic that gives more conservative risk measurement.

5 Other Reasons to Relax Subadditivity

5.1 Diversification and Tail Subadditivity of VaR

The subadditivity axiom conforms to the idea that diversification does not increase
risk.” There are two main motivations for diversification. One is based on the simple
observation that SD(X +Y) < SD(X) + SD(Y'), for any two random variables X

and Y with finite second moments, where SD(-) denotes standard deviation. The

"The convexity axiom for convex risk measures also comes from the idea of diversification.
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other is based on expected utility theory. Samuelson (1967) shows that any investor
with a strictly concave utility function will uniformly diversify among independently
and identically distributed (i.i.d.) risks with finite second moments, i.e., the expected
utility of the uniformly diversified portfolio is larger than that of any other portfolio
constructed from these i.i.d. risks.® Both of the two motivations require finiteness of
second moments of the risks.

Is diversification still preferable for risks with infinite second moments? The
answer can be no. Ibragimov and Walden (2006) show that diversification is not
preferable for unbounded extremely heavy-tailed distributions, in the sense that the
expected utility of the diversified portfolio is smaller than that of the undiversified
portfolio. They also show that, investors with certain S-shaped utility functions
would prefer non-diversification, even for bounded risks. A S-shaped utility function
is convex in the domain of losses. The convexity in the domain of losses is supported
by experimental results and prospect theory (Kahneman and Tversky, 1979; Tversky
and Kahneman, 1992), which is an important alternative to expected utility theory.
See Section 5.3 for more discussion on prospect theory.

VaR has been criticized because it does not have subadditivity universally, but this
criticism is unreasonable because even diversification is not universally preferable. In
fact, Danielsson, Jorgensen, Samorodnitsky, Sarma, and de Vries (2005) show that
VaR is subadditive in the tail regions, provided that the tails in the joint distribution

are not extremely fat (with tail index less than one).’

The simulations that they
carry out also show that VaR, is indeed subadditive when a € [95%, 99%)] for most
practical applications.

To summarize, there is no conflict between the use of VaR and diversification.
When the risks do not have extremely heavy tails, diversification is preferred and
VaR satisfies subadditivity in the tail region; when the risks have extremely heavy
tails, diversification may not be preferable and VaR may fail to have subadditivity.
The consistency between the use of VaR and diversification is shown in Table 1.

Asset returns with tail index less than one have very fat tails. They are hard to

8See Brumelle (1974); McMinn (1984); Hong and Herk (1996); Kijima (1997) for the discussion
on whether diversification is beneficial when the asset returns are dependent.

9More precisely, Danfelsson, Jorgensen, Samorodnitsky, Sarma, and de Vries (2005) prove that:
(1) If X and Y are two asset returns having jointly regularly varying non-degenerate tails with tail
index bigger than one, then there exists ag € (0,1), such that VaR, (X +Y) <VaR,(X)+VaR,(Y),
VYo € (ap, 1). (2) If the tail index of the X and Y are different, then a weaker form of tail subadditivity

holds: limsup,,_,; VaRVa‘“&jﬁ:gj(y) <1
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Not very fat tails Fat tails
Does diversification help to reduce risk? Yes No
Does VaR satisfy subadditivity? Yes No

Table 1: VaR is consistent with diversification.

find and easy to identify. Danielsson, Jorgensen, Samorodnitsky, Sarma, and de Vries
(2005) argue that they can be treated as special cases in financial modeling. Even if
one encounters an extreme fat tail and insists on tail subadditivity, Garcia, Renault,
and Tsafack (2007) show that, when tail thickness causes violation of subadditivity, a
decentralized risk management team may restore the subadditivity for VaR by using

proper conditional information.

5.2 Does A Merger Always Reduce Risk

Subadditivity basically means that “a merger does not create extra risk" (Artzner,
Delbaen, Eber, and Heath, 1999, pp. 209). However, Dhaene, Goovaerts, and Kaas
(2003) point out that a merger may increase risk, particularly due to bankruptcy
protection for firms. For example, it is better to split a risky trading business into a
separate subsidiary firm. This way, even if the loss from the subsidiary firm is enor-
mous, the parent firm can simply let the subsidiary firm go bankrupt, thus confining
the loss to that one subsidiary firm. Therefore, creating subsidiary firms may incur
less risk and a merger may increase risk.!’

For example, the collapse of Britain’s Barings Bank (which had a long operating
history and even helped finance the Louisiana purchase by the United States in 1802)
in February 1995 due to the failure of a single trader (Nick Leeson) in Singapore clearly
indicates that a merger may increase risk. Had Barings Bank set up a separate firm
for its Singapore unit, the bankruptcy in that unit would not have sunk the entire

bank.

10Mathematically, let X and Y be the net payoff of two firms before a merger. Because of
the bankruptcy protection, the actual net payoff of the two firms would be X+ = max(X,0) and
YT = max(Y,0), respectively. After the merger, the net payoff of the joint firm would be X + Y,
and the actual net payoff would be (X + Y)*, due to bankruptcy protection. Because (X + V)t <
XT 4+ Y™, a merger always results in a decrease in the actual net payoff, if one only considers the
effect of bankruptcy protection in a merger. In other words, given that everything else is equal,
a merger increases the risk of investment. This contradicts the intuition that “A merger does not
create extra risk".
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In addition, there is little empirical evidence supporting the argument that “a
merger does not create extra risk”. Indeed, in practice, the credit rating agencies,
such as Moody’s and Standard & Poor’s, do not upgrade a firm’s credit rating because
of a merger. On the contrary, the credit rating of the joint firm may be lowered shortly
after the merger of two firms; the recent merger of Bank of America and Merrill Lynch

is such an example.

5.3 Psychological Theory of Uncertainty and Risk

Risk measures have a close connection with the psychological theory of people’s pref-
erences of uncertainties and risks. Kahneman and Tversky (1979) and Tversky and
Kahneman (1992) point out that people’s choices under risky prospects are incon-
sistent with the basic tenets of expected utility theory and propose an alternative
model, called prospect theory, which can explain a variety of preference anomalies in-
cluding the Allais and Ellsberg paradoxes. The axiomatic analysis of prospect theory
is presented in Tversky and Kahneman (1992) and extended in Wakker and Tversky
(1993). Many other people have studied alternative models to expected utility theory,
such as Quiggin (1982), Schmeidler (1986), Yaari (1987), Schmeidler (1989), and so
on. These models are referred to as “anticipated utility theory", “rank-dependent
models", “cumulative utility theory", etc.

Prospect theory implies fourfold pattern of risk attitudes: people are risk averse
for gains with high probability and losses with low probability; and people are risk
seeking for gains with low probability and losses with high probability. Prospect
theory postulates that: (1) The value function (utility function) is normally concave
for gains, convex for losses, and is steeper for losses than for gains. (2) People evaluate
uncertain prospects using “decision weights” that are nonlinear transformation of
probabilities and can be viewed as distorted probabilities.

Schmeidler (1989) points out that risk preferences for comonotonic random vari-
ables are easier to justify than those for arbitrary random variables and accordingly
relaxes the independence axiom in expected utility theory to the comonotonic inde-
pendence axiom that applies only to comonotonic random variables. Tversky and
Kahneman (1992) and Wakker and Tversky (1993) also find that prospect theory
is characterized by the axioms that impose conditions only on comonotonic random
variables and are thus less restrictive than their counterparts in expected utility the-

ory.
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There are simple examples showing that risk associated with non-comonotonic
random variables can violate subadditivity, because people are risk seeking instead
of risk averse in choices between probable and sure losses, as implied by prospect
theory.!t 12

Motivated by the prospect theory, we think it may be appropriate to relax the
subadditivity to comonotonic subadditivity. In other words, we impose p(X +Y) <
p(X)+ p(Y) only for comonotonic random variables X and Y when defining the new

risk measures.

6 Main Results: Natural Risk Statistics and Their
Axiomatic Representations

Suppose we have a collection of data & = (x1,x2,...,2,) € R" related to a random
loss X, which can be discrete or continuous. & can be a set of historical observations,
or a set of simulated data generated according to a well-defined procedure or model,
or a mixture of historical and simulated data. To measure risk from the data z, we

define a risk statistic p to be a mapping from R" to R. A risk statistic is a data-based

11Syuppose there is an urn that contains 50 black balls and 50 red balls. Randomly draw a ball
from the urn. Let B be the position of losing $10,000 in the event that the ball is black, and
R be the position of losing $10,000 in the event that the ball is red. Obviously, B and R bear
the same amount of risk, i.e., p(B) = p(R). Let S be the event of losing $5,000 for sure, then
p(S) = 5,000. According to prospect theory, people are risk seeking in choices between probable
and sure losses, i.e., most people would prefer a larger loss with a substantial probability to a sure
loss. Therefore, most people would prefer position B to position S (see problem 12 on pp. 273
in Kahneman and Tversky (1979), and table 3 on pp. 307 in Tversky and Kahneman (1992)).
In other words, we have p(B) = p(R) < p(S) = 5,000. On the other hand, since the position
B + R corresponds to a sure loss of $10,000, we have p(B + R) = 10,000. Combining together we
have p(B) + p(R) < 5,000 + 5,000 = 10,000 = p(B + R), violating the subadditivity. Clearly the
random losses associated with B and R are not comonotonic. Therefore, this example shows that
risk associated with non-comonotonic random variables may violate subadditivity.

12Even in terms of expected utility theory, it is not clear whether a risk measure should be super-
additive or subadditive for independent random variables. For instance, Eeckhoudt and Schlesinger
(2006) link the sign of utility functions to risk preferences. Let u(* be the fourth derivative of
an utility function u. They prove that u(* < 0 if and only if E(u(z + € + €)) + E(u(z)) <
E(u(x + €1)) + E(u(z + €2)), for any x € R and any independent risks e; and ey satisfying
E(e1) = E(ez) = 0. This result can be interpreted as follows. Suppose the owner of two sub-
sidiary firms, each of which has initial wealth x, faces the problem of assigning two projects to the
two firms. The net payoffs of the two projects are €; and eo, respectively. The result suggests that,
whether the owner prefers to assign both projects to a single firm or prefers to assign one project to
each firm depends on the sign of the fourth derivative of his utility function. Because comonotonic
random variables are generally not independent, we shall impose subadditivity only for comonotonic
random variables to avoid the issue of possible superadditivity for independent random variables.
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risk measure.
In this section, we will define and fully characterize the new data-based risk mea-
sure, which we call the natural risk statistic, through two sets of axioms and two

representations.

6.1 The First Representation

At first, we postulate the following axioms for a risk statistic p.

Axiom C1. Positive homogeneity and translation invariance:
plaz +bl) = ap(z) +b, VZ € R", a >0, b e R,

where 1 = (1,1, ...,1)T € R™.

Axiom C2. Monotonicity: p(Z) < p(g), if < ¢, where T < § means x; < y;,1 =
1,...,n.

The two axioms above have been proposed for coherent risk measures. Here we

simply adapt them to the case of risk statistics. Note that Axiom C1 yields

p(0-1) =0, p(b1) =b, bR,

and Axioms C1 and C2 imply p is continuous.'?

Axiom C3. Comonotonic subadditivity:
p(Z+79) < p(@) + p(y), if £ and § are comonotonic,

where 7 and § are comonotonic if and only if (z; — x;)(y; —y;) > 0, for any ¢ # j.
In Axiom C3 we relax the subadditivity requirement in coherent risk measures so
that the axiom is only enforced for comonotonic random variables. This also relaxes
the comonotonic additivity requirement in insurance risk measures. Comonotonic
subadditivity is consistent with prospect theory, as we explained in Section 5.3.

Axiom C4. Permutation invariance:

ﬁ((mh cee 71;%)) = 15<<in7 s 7Iin))

for any permutation (iq,...,7,) of (1,2,...,n).

3Indeed, suppose p satisfies Axiom C1 and C2. Then for any & € R", ¢ > 0, and § satisfying
lyi — x| < e,i = 1,...,n, we have T — el < § < & + €l. By the monotonicity in Axiom C2,
we have p(Z — el) < p(g) < p(Z + €1). Applying Axiom C1, the inequality further becomes
p(Z) —e < p(g) < p(Z) + &, which establishes the continuity of /.
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This axiom can be considered as the counterpart of the law invariance Axiom A4 in
terms of data. It means that if two data T and 7 have the same empirical distribution,
i.e., the same order statistics, then Z and ¢ should give the same measurement of risk.

Definition 1. A risk statistic p : R™ — R is called a natural risk statistic if it
satisfies Axiom C1-C4.

The following representation theorem for natural risk statistics is one of the main

results of this paper.

Theorem 1 Let x(1),...,7(n) be the order statistics of the data T with x,) being the
largest.

(I) For an arbitrarily given set of weights W = {0 = (wy,...,w,)} C R™ with
each W € W satisfying > i, w; =1 and w; > 0 fori=1,...,n, the risk statistic

n
p(E) £ sup > wiz}, Vi €R" (7)
BEW =
18 a natural risk statistic.
(II) If p is a natural risk statistic, then there exists a set of weights W = {0 =
(wi,...,w,)} C R™ with each w € W satisfying > ., w; = 1 and w; > 0 for i =
1,...,n, such that

p(x) = guyv{z w;xe)}, VT e R™ (8)
we i=1

Proof. See Appendix A. Q.E.D.

The main difficulty in proving Theorem 1 lies in part (II). Axiom C3 implies
that the functional p satisfies subadditivity on comonotonic sets of R", for example,
ontheset B={geR" |y <y < -+ < y,}. However, unlike in the case of
coherent risk measures, the existence of a set of weights W such that (8) holds does
not follow easily from the proof in Huber (1981). The main difference here is that
the comonotonic set B is not an open set in R”. The boundary points do not have
as nice properties as the interior points. We have to treat boundary points with
more efforts. In particular, one should be very cautious when using the results of
separating hyperplanes. Furthermore, we have to spend some effort showing that

w; >0fori=1,...,nt"

14Utilizing convex duality theory, Ahmed, Filipovi¢, and Svindland (2008) provide alternative
shorter proofs for Theorem 1 and Theorem 4 after seeing the first version of this paper.
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Each weight @ in the set W in equation (7) represents a scenario, so natural risk
statistics can incorporate scenario analysis by putting different weights on the order
statistics. In addition, since estimating VaR from data is equivalent to calculating
weighted average of the order statistics, Theorem 1 shows that natural risk statistics

include VaR along with scenario analysis as a special case.

6.2 The Second Representation via Acceptance Sets

The natural risk statistics can also be characterized via acceptance sets as in the case
of coherent risk measures. More precisely, a statistical acceptance set is a subset of
R™ that includes all the data that are considered acceptable by a regulator. Given a
statistical acceptance set A € R", the risk statistic p4 associated with A is defined
to be the minimal amount of risk-free investment that has to be added to the original

position in order for the resulting position to be acceptable, or in mathematical form
pa(Z) =inf{m | —ml € A}, Vi € R™. (9)

On the other hand, given a risk statistic p, one can define the statistical acceptance
set associated with p by
A= {7 € R" | p(&) < 0}. (10)

Thus, one can go from a risk measure to an acceptance set, and vice versa.

We shall postulate the following axioms for statistical acceptance set A:

Axiom D1. The statistical acceptance set A contains R” where R” = {Z € R" |
r; <0,i=1,...,n}.

Axiom D2. The statistical acceptance set A does not intersect the set R’} , where
RY, ={zeR"|2;>0,i=1,...,n}.

Axiom D3. If ¥ and g are comonotonic and & € A, § € A, then \z+(1—-\)g € A,
for VA € [0, 1].

Axiom D4. The statistical acceptance set A is positively homogeneous, i.e., if
T € A, then \T € A for all A > 0.

Axiom D5. If # < g and §j € A, then T € A.

Axiom DG6. If T € A, then (z;,,...,z;,) € A for any permutation (i, ...,,) of
(1,2,...,n).

We will show that a natural risk statistic and a statistical acceptance set satisfying
Axiom D1-D6 are mutually representable. More precisely, we have the following

theorem:
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Theorem 2 (I) If p is a natural risk statistic, then the statistical acceptance set A,
1s closed and satisfies Axiom D1-D6.

(II) If a statistical acceptance set A satisfies Aziom D1-D6, then the risk statistic
pa 1S a natural risk statistic.

(III) If p is a natural risk statistic, then p = pa,.

(IV) If a statistical acceptance set D satisfies Aziom D1-D6, then A;, = D, the

closure of D.

Proof. See Appendix B. Q.E.D.

7 Comparison with Coherent and Insurance Risk
Measures

7.1 Comparison with Coherent Risk Measures

To compare natural risk statistics with coherent risk measures in a formal manner,
we first define the coherent risk statistics, the data-based versions of coherent risk
measures.

Definition 2. A risk statistic p : R" — R is called a coherent risk statistic, if it
satisfies Axiom C1, C2 and the following Axiom E3:

Axiom E3. Subadditivity: p(Z + ¢) < p(Z) + p(9), for any z,7 € R™.

We have the following representation theorem for coherent risk statistics.

Theorem 3 A risk statistic p is a coherent risk statistic if and only if there exists a
set of weights W = {0 = (w1, ..., w,)} C R™ with each w € W satisfying > ., w; =
1 and w; > 0,2 =1,...,n, such that

n

p(x) = sup{ ) wx;}, Vi € R™. (11)
S

7=

Proof. The proof for the “if” part is trivial. To prove the “only if” part,
suppose p is a coherent risk statistic. Let © = {#,...,0,} be an arbitrary set
with n elements. Let H be the set of all the subsets of ©. Let Z be the set of
all real-valued random variables defined on (©,H). Define a functional E* on Z:
EX(Z) 2 p(Z2(01), Z(0y),...,Z(0,)). Then E*(-) is monotone, positively affinely ho-

mogeneous, and subadditive in the sense defined in equations (2.7), (2.8) and (2.9)
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at Chapter 10 of Huber (1981). Then the result follows by applying Proposition 2.1
at page 254 of Huber (1981) to E*. Q.E.D.

Natural risk statistics require the permutation invariance, which is not required
by coherent risk statistics. To have a complete comparison between natural risk
statistics and coherent risk measures, we consider the following law-invariant coherent
risk statistics, which are the counterparts of law-invariant coherent risk measures.

Definition 3. A risk statistic p : R®” — R is called a law-invariant coherent risk
statistic, if it satisfies Axiom C1, C2, C4 and E3.

We have the following representation theorem for law-invariant coherent risk sta-

tistics.

Theorem 4 Let x(1), ..., (n) be the order statistics of the data T with x,) being the
largest.

(I) For an arbitrarily given set of weights W = {0 = (wy,...,w,)} C R™ with
each w € W satisfying

i=1

w; >0,1=1,...,n, (13)
w <wy < ... < wy, (14)

the risk statistic .
p(E) & sup () wizp}, Vi R (15)

DEW S

18 a law-1nvariant coherent risk statistic.

(II) If p is a law-invariant coherent risk statistic, then there exists a set of weights
W= {0 = (wq,...,w,)} CR™ with each W € W satisfying (12), (13) and (14), such
that

n

p(z) = sup {Z wir()}, VT € R™ (16)

Proof. See Appendix C. Q.E.D.

By Theorem 3 and Theorem 4, we see the main differences between natural risk
statistics and coherent risk measures:

(1) A natural risk statistic is the supremum of a set of L-statistics (a L-statistic is

a weighted average of order statistics), while a coherent risk statistic is a supremum
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of a weighted sample average. There is no simple linear function that can transform
a L-statistic to a weighted sample average.

(2) Although VaR is not a coherent risk statistic, VaR is a natural risk statistic. In
other words, though being simple, VaR is not without justification, as it also satisfies
a reasonable set of axioms.

(3) A law-invariant coherent risk statistic is the supremum of a set of L-statistics
with increasing weights. Hence, if one assigns larger weights to larger observations,
a natural risk statistic becomes a law invariant coherent risk statistic. However,
assigning larger weights to larger observations is not robust. Therefore, coherent risk

measures are in general not robust.

7.2 Comparison with Insurance Risk Measures

Similarly, we can define the insurance risk statistics, the data-based versions of insur-
ance risk measures, as follows:

Definition 3. A risk statistic p : R™ — R is called an insurance risk statistic, if
it satisfies the following Axiom F1-F4.

Axiom F1. Permutation invariance: the same as Axiom C4.

Axiom F2. Monotonicity: p(Z) < p(y), if z < 7.

Axiom F3. Comonotonic additivity: p(Z + ) = p(%) + p(g), if & and 7 are
comonotonic.

Axiom F4. Scale normalization: p(1) = 1.

We have the following representation theorem for insurance risk statistics.

Theorem 5 Let x(yy, ..., () be the order statistics of the data T with x(,) being the
largest, then p is an insurance risk statistic if and only if there exists a single weight
W = (wy,...,w,) withw; >0 fori=1,...,n andy ;. , w; =1, such that

pE) = wizg), Vi € R (17)
i=1
Proof. See Appendix D. Q.FE.D.
Comparing (8) and (17), we see that a natural risk statistic is the supremum of
a set of L-statistics, while an insurance risk statistic is just one L-statistic. There-
fore, insurance risk statistics cannot incorporate different scenarios. On the other

hand, each weight @ = (wy,...,w,) in a natural risk statistic can be considered as
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a “scenario" in which (subjective or objective) evaluation of the importance of each
ordered observation is specified. Hence, nature risk statistics incorporate the idea of
evaluating risk under different scenarios, so do coherent risk measures.

The following counterexample shows that if one incorporates different scenarios,
then the comonotonic additivity may not hold, as the strict comonotonic subadditivity
may prevail.

A counterexample: consider a natural risk statistic defined by
p(7) = max(0.5z(1) + 0.5z(2), 0.72z1) + 0.082(9) + 0.22(3)), V& € R®.
Let y = (3,2,4) and Z = (9,4, 16). By simple calculation we have
P(g+2) =9.28 < p(y) +p(2) =2.5+6.8=09.3,

even though ¢ and Z are comonotonic. Therefore, the comonotonic additivity fails, and
this natural risk statistic is not an insurance risk statistic. In summary, insurance risk
statistic cannot incorporate those two simple scenarios with weights being (0.5, 0.5, 0)
and (0.72,0.08,0.2).

7.3 Comparison from the Viewpoint of Computation

We compare the computation of TCE and TCM in two aspects: whether it is easy
to compute a risk measure from a regulator’s viewpoint, and whether it is easy to
incorporate a risk measure into portfolio optimization from an individual bank’s view-
point. First, the computation of TCM is at least as easy as the computation of TCE,
since the former only involves the computation of quantile. Second, it is easier to do
portfolio optimization with respect to TCE than to TCM, as the expectation leads
to convexity in optimization. However, we should point out that doing optimization
with respect to median is a classical problem in robust statistics, and recently there
are good algorithms designed for portfolio optimization under both CVaR and VaR
constraints (see Rockafellar and Uryasev, 2000, 2002). Furthermore, from the regula-
tor’s viewpoint, it is a first priority to find a good robust risk measure for the purpose
of legal implementation. How to achieve better profits via portfolio optimization,
under the risk measure constraints imposed by governmental regulations, should be

a matter left for investors not the regulator.
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8 Some Counterexamples Showing that Tail Con-
ditional Median Satisfies Subadditivity

In the existing literature, some examples are used to show that VaR does not satisfy
subadditivity at certain level a. However, if one considers TCM at the same level «,
or equivalently considers VaR at a higher level, the problem of non-subadditivity of
VaR disappears.

Example 1. The VaRs in the example on page 216 of Artzner, Delbaen, Eber,
and Heath (1999) are not correctly calculated. Actually in that example, the 1%
VaR! of two options A and two options B are 2u and 21 respectively, instead of —2u
and —2I. And the 1% VaR of A+ B is u + [, instead of 100 — [ — u. Therefore, VaR
satisfies subadditivity in that example.

Example 2. The example on page 217 of Artzner, Delbaen, Eber, and Heath
(1999) shows that the 10% VaR does not satisfy subadditivity for X; and X,. How-
ever, the 10% tail conditional median (or equivalently 5% VaR) satisfies subadditiv-
ity! Actually, the 5% VaR of X; and X, are both equal to 1. By simple calculation,
P(X; + X5 < —2) = 0.005 < 0.05, which implies that the 5% VaR of X; + Xj is
strictly less than 2.

Example 3. The example in section 2.1 of Dunkel and Weber (2007) shows that
the 99% VaR of L, and L, are equal, although apparently L, is much more risky than
L. However, tail conditional median at 99% level (or 99.5% VaR), of L is equal to
10%°, which is much larger than 1, tail conditional median at 99% level (99.5% VaR)
of Ly. In other words, if one looks at tail conditional median at 99% level, one can

correctly compare the risk of the two portfolios.

9 Conclusion

We propose new, data-based, risk measures, called natural risk statistics, that are
characterized by a new set of axioms. The new axioms only require subadditivity
for comonotonic random variables, thus relaxing the subadditivity for all random
variables in coherent risk measures, and relaxing the comonotonic additivity in insur-

ance risk measures. The relaxation is consistent with prospect theory in psychology.

5In Artzner, Delbaen, Eber, and Heath (1999), VaR is defined as VaR(X) = —inf{z | P(X <
x) > a}, where X = —L representing the net worth of a position. In other words, VaR at level « in
Artzner, Delbaen, Eber, and Heath (1999) corresponds to VaR at level 1 — « in this paper.
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Comparing to existing risk measures, natural risk statistics include tail conditional
median, which is more robust than tail conditional expectation suggested by coher-
ent risk measures; and, unlike insurance risk measures, natural risk statistics can
also incorporate scenario analysis. Natural risk statistics include VaR (with scenario
analysis) as a special case and therefore show that VaR, though simple, is not irra-
tional.

We emphasize that the objectives of risk measures are very relevant for our dis-
cussion. In particular, some risk measures may be suitable for internal management
but not for external regulation, and vice versa. For example, coherent and convex
risk measures may be good for internal risk measurement, as there are connections
between these risk measures and subjective prices in incomplete markets for market
makers (see, e.g., the connections between coherent and convex risk measures and
good deal bounds in Jaschke and Kiichler, 2001; Staum, 2004). However, as we point
out, for external risk measures one may prefer a different set of properties, including

consistency in implementation which means robustness.

A Proof of Theorem 1

The proof relies on the following two lemmas, which depend heavily on the properties
of the interior points of the set B= {7 € R" | y; <y < --- < 9, } and hence are only
true for the interior points. The results for boundary points will be obtained by ap-
proximating the boundary points by the interior points, and by employing continuity

and uniform convergence.

Lemma 1l Let B = {g € R" | y1 < y2 < -+ < y,}, and denote BB° to be the
interior of B. For any fived Z = (z1,...,2,) € B° and any p satisfying Aziom C1-Cj4
and p(Z) = 1 there exists a weight © = (w1, ...,w,) such that the linear functional

AN&) £ 30w, satisfies

A(Z) =1, (18)
ANZ) <1 forall T such that & € B and p(Z) < 1. (19)

IS

Proof. Let U ={Z | p(Z) < 1} N B. For any &, § € B, T and § are comonotonic.
Then Axiom C1 and C3 imply that U is convex, and, therefore, the closure U of U is

also convex.

29



For any ¢ > 0, since p(Z —el) = p(Z) —e =1 —¢ < 1, it follows that Z —e1 € U.
Since Z — 1 tends to Z as € | 0, we know that Z is a boundary point of U because
p(2) = 1. Therefore, there exists a supporting hyperplane for U at Z, i.e., there
exists a nonzero vector @ = (wy, ...,w,) € R" such that \(¥) £ Y7 w;z; satisfies

AM@) < A(Z) for all & € U. In particular, we have
ANz) < A(2), Vi eU. (20)

We shall show that the strict inequality holds in (20). Suppose, by contradiction,
that there exists 7° € U such that A\(z°) = A(Z). For any a € (0,1), let 7% =

aZ + (1 — a)z°. Then we have
ME) = aA(Z) + (1 — a)AE%) = A(3) (21)
In addition, since Z and 7° are comonotonic (as they all belong to B) we have
pE) < ap(B)+(1—a)p(@”) <a+(1—a)=1, Yae(0,1). (22)

Since Z € B?, it follows that there exists ag € (0, 1) such that *° is also an interior

point of B. Hence, for all small enough ¢ > 0,
T +ew € B. (23)

With wpae = max(wy, wa, ..., w,), we have 2% + e < T + ewpacl. Thus, the

monotonicity in Axiom C2 and translation invariance in Axiom C1 yield
P(TY 4 ew) < P(T° 4 wmaxl) = P(Z°) + EWpmax- (24)

Since p(z*°) < 1 via (22), we have by (24) and (23) that for all small enough ¢ > 0,
P(ZY +ew) < 1, 2* +ew € U. Hence, (20) implies A(2* +ew) < A(Z2). However, we
have, by (21), an opposite inequality A\(Z% + ew) = A(72°) + g|@|> > M\(T%) = A\(Z),

leading to a contradiction. In summary, we have shown that
AMZ) < A(2),Vz € U. (25)

Since p(0) = 0, we have 0 € U. Letting & = 0 in (25) yields A(Z) > 0, so we can
re-scale @ such that A\(Z) = 1 = p(2). Thus, (25) becomes A(Z) < 1 for all Z such
that & € B and p(Z) < 1, from which (19) holds. Q.E.D.
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Lemma 2 Let B={g € R" | 1) <ys < --- <y}, and denote B° to be the interior
of B. For any fized Z = (z1,...,2,) € B° and any p satisfying Aziom C1-C4, there

exists a weight w = (wy, ..., w,) such that
> wi=1, (26)
i=1
w; >0,i=1,...,n, (27)
p(z) > Zwixi, for¥z € B, and p(Z) = szzz (28)
=1 1=1

Proof. We will show this by considering three cases.

Case 1: p(z) = 1.

From Lemma 1, there exists a weight @ = (ws,...,w,) such that the linear
functional \(F) £ Y1 | w;z, satisfies (18) and (19).

First we prove that @ satisfies (26). For this, it is sufficient to show that A(1) =
>, w; = 1. To this end, first note that for any ¢ < 1 Axiom C1 implies p(cl) = ¢
1. Thus, (19) implies A(cl) < 1, and, by continuity of A, we obtain that A(1) <
Secondly, for any ¢ > 1, Axiom C1 implies p(2Z — 1) = 2p(Z) —c¢=2—c < 1. Then
it follows from (19) and (18) that 1 > A(2Z — c1) = 2A(2) — cA\(1) = 2 — cA(1), i.e.
A(1) > 1/c for any ¢ > 1. So A(1) > 1, and & satisfies (26).

Next, we will prove that @ satisfies (27). Let &, = (0,...,0,1,0,...,0) be the
k-th standard basis of R™. Then wy = A(é). Since Z € B°, there exists 6 > 0 such
that Z — dé, € B. For any € > 0, we have

P(Z—de,—el)=p(Z—déy) —e<p(Z)—e=1—-e<1,

where the inequality follows from the monotonicity in Axiom C2. Then (19) and (18)
implies
1> ANZ—06—el) = A(Z2) —0A(6r) —eA(1) =1 —e — 0A(E).
Hence wy, = A(éx) > —¢/0, and the conclusion follows by letting € go to 0.
Finally, we will prove that w satisfies (28). It follows from Axiom C1 and (19)

that
Ve >0, A(Z) < ¢, for all Z such that Z € B and p(%) < c. (29)

For any ¢ < 0, we choose b > 0 such that b+ ¢ > 0. Then by (29), we have

AMZ 4 b1) < c+b, for all T such that Z € B and p(Z + b1) < ¢+ 0.
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Since A\(Z 4+ b1) = A(Z) + bA(1) = A(Z) + b and p(Z + b1) = p(Z) + b we have
Ve <0, AM(Z) < ¢, for all Z such that £ € B and p() < c. (30)

It follows from (29) and (30) that p(Z) > A(Z), for all & € B, which in combination
with p(Z) = A(2) = 1 completes the proof of (28).

Case 2: p(Z) # 1 and p(Z )>O

Since p (/3( 57 ) 1 and z is still an interior point of B, it follows from the result
proved in Case 1 that there ex1sts a linear functional A(Z) £ Y7 wyr;, with @ =
(wy, ..., wy,) satisfying (26), (27) and p(Z) > \(Z),VZ € B, and p < ) =\ <p(2 )
or equivalently p(Z) > \(Z),VZ € B, and p(Z) = A(Z). Thus, @ also satlsﬁes (28).

Case 3: p(2) <0.

Choose b > 0 such that p(Z + b1) > 0. Since Z + b1 is an interior point of B, it

L

follows from the result proved in Case 2 that there exists a linear functional \(Z)
Yorwiz; with @ = (wy,...,w,) satisfying (26), (27) and p(z) > A(Z),VZ € B,
and p(Z + b1) = A(Z + b1), or equivalently p(Z) > A(Z),VZ € B, and p(Z) = A(Z).
Thus, w also satisfies (28). Q.E.D.

The proof for Theorem 1 is as follows.

Proof. (1) The proof of part (I). Suppose p is defined by (7), then obviously p
satisfies Axiom C1 and C4.

To check Axiom C2, write (ya), Y2), - - - Ym)) = Yir» Yia» - - - » Yin ), Where (i1, .., 0p)

is a permutation of (1,...,n). Then for any Z < ¢, we have
y(k) 2 max{yijaj = ]-7 . 7k} Z max{xij,j = 17 e ,k} Z Z’(k), 1 S k S n,
which implies that p satisfies Axiom C2 because
p@) = swp {> wiym} > sup{d_wirm} = H@).
weEW T wew T

To check Axiom C3, note that if ¥ and y are comonotonic, then there exists a
permutation (i1, ...,4,) of (1,...,n) such that x;;, <z, <...<wx; and y; <y, <
. < y;,. Hence, we have (Z + §)u) = @) + Y, ¢ = 1,...,n. Therefore,

p(fﬁ+y—sup{zwz:v+y }—Sup{zwz H+y0)}

< sup{EZwz @} + SUP{ZW?J (i) p(Z) + p(Y),
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which implies that p satisfies Axiom C3.

(2) The proof of part (II). By Axiom C4, we only need to show that there exists a
set of weights W = {& = (w1, ..., w,)} C R" with each @ € W satisfying Y " ; w; =
1 and w; > 0, V1 <4 < n, such that p(Z) = supgepw{d iy wiz;}, Vi € B, where
B={jeR" |y <y < <y}

By Lemma 2, for any point j € 3°, there exists a weight @) satisfying (26), (27)
and (28). Therefore, we can take the collection of such weights as W = {@® | j €
B°}. Then from (28), for any fixed & € B° we have p(z) > Y 1| wgg):z:i, Vg € B,
o) =370 wz@)xi. Therefore,

p(T) = sup{z wz@)xi} = sup {Z wix; }, VT € B°, (31)
jeBe = BEW =3

where each @ € W satisfies (26) and (27).
Next, we will prove that the above equality is also true for any boundary points
of B, i.e.,

p(z) = Sup{z w;z;}, YT € 0B. (32)

BEW
Let 2% = (29,...,22) be any boundary point of B. Then there exists a sequence
{7k = (2%, ... 2k)}2, C B such that #* — 7° as k — co. By the continuity of p,

we have

p(3%) = lim p(i%) = lim sup{z wizky, (33)

k—o0 - k—00 e —
where the last equality follows from (31). If we can interchange sup and limit in (33),
ie. if

lim sup {Z wzxf} = SEEV{JE& szxf} = S;l)I/DV{Z wiad}, (34)
w i=1 w i=1

k=00 gew =
then (32) holds and the proof is complete.
To show (34), note that we have by Cauchy-Schwartz inequality

szxf - Zwix? < (Z(wzf) (Z(xf - x?)2> < (Z(mf - x?)2) , Vo e W,

because w; > 0 and > . w; = 1,V € W. Therefore, > 1" wizh — >0 w;a?

uniformly for all @ € W and (34) follows. Q.E.D.
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B Proof of Theorem 2

Proof. (I) (1) For VZ < 0, Axiom C2 implies p(Z) < p(0) = 0, hence ¥ € A; by
definition. Thus, D1 holds. (2) For any & € R, there exists o > 0 such that
0 < % —al. Axiom C2 and Cl imply that p(0) < p(Z —al) = p(Z) — a. So
p(Z) > a > 0 and henceforth 7 ¢ A;, i.e., D2 holds. (3) If Z and § are comonotonic
and = € A;, g € Ap, then p(z) <0, p(y) <0, and Az and (1 — \)§ are comonotonic
for any A € [0,1]. Thus Axiom C3 implies

PAZ + (1= A)g) < p(AT) + p((1 = N)g) = Ap(E) + (1 = A)p(y) < 0.

Hence AT + (1 — \)y € A;, i.e., D3 holds. (4) For any € A; and a > 0, we have
p(z) < 0 and Axiom C1 implies p(aZ) = ap(z) < 0. Thus, aZ € A, i.e., D4 holds.
(5) For any # < ¢ and § € A, we have p(g) < 0. By Axiom C2, 5(Z) < p(g) < 0.
Hence € A;, i.e., D5 holds. (6) If 2 € A;, then p(Z) < 0. For any permutation
(i1,...,1n), Axiom C4 implies p((z;,...,2;,)) = p(T) < 0. So (xi,...,x;,) € Ap,
i.e., D6 holds. (7) Suppose i* € Az k = 1,2,..., and #* — 7 as k — oo. Then
p(@*) < 0,Vk. Suppose the limit # ¢ A;. Then p(Z) > 0. There exists 6 > 0 such
that p(Z — 61) > 0. Since ¥ — 7, it follows that there exists K € N such that
% > 7 — 01. By Axiom C2, p(z%) > p(z — §1) > 0, which contradicts p(z%) < 0.
So Z € A;, ie., A; is closed.
(I) (1) For V& € R",Vb € R, we have

pa(@+b1) =inf{m | T+ bl —ml € A} =b+inf{m | T —ml € A} = b+ pa().
For Vi € R",Va > 0, if a = 0, then
palaZ) =inf{m | 0—mle A} =0=a-pa(T),
where the second equality follows from Axiom D1 and D2. If a > 0, then

palaz) =inf{m | az —ml € A} =a-inf{u | a(z —ul) € A}
=a-inf{u | T —ul € A} =a- pa(Z),
by Axiom D4. Therefore, C1 holds. (2) Suppose & < §. Forany m € R, if j—m1 € A,
then Axiom D5 and & —m1l < § —m1 imply that £ —m1 € A. Hence {m | § —ml €
A} C {m | z—ml € A}. By taking infimum on both sides, we obtain p4(§) > pa(Z),

i.e., C2 holds. (3) Suppose & and § are comonotonic. For any m and n such that
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T—mle A §j—nl € A, since Z —ml and §j —nl are comonotonic, it follows from
Axiom D3 that £(Z — m1) + (7 — nl) € A. By Axiom D4, the previous formula
implies Z 4+ § — (m 4+ n)1 € A. Therefore, pa(Z + §) < m + n. Taking infimum of all
m and n satisfying £ —m1l € A, § —nl € A, on both sides of above inequality yields
pA@ 4+ 7) < pa(®) + pa(g). So C3 holds. (4) Fix any & € R" and any permutation
(i1,...,35). Then for any m € R, Axiom D6 implies that # — m1 € A if and only if
(i), ..., x;,) —ml € A. Hence

{m|z—-—ml1le A} ={m| (z;,...,2;,) —ml € A}.

Taking infimum on both sides, we obtain pa(Z) = pa((zi,,...,x;,)), i-e., C4 holds.
(III) For Vz € R", we have

pa,(7) =inf{m | T —ml € A;} = inf{m | p(z —m1) <0}
—in{m | 5(7) < m} = p(7),

where the third equality follows from Axiom CI.

(IV) For any & € D, we have pp(Z) < 0. Hence # € A;,. Therefore, D C A;,.
By the results (I) and (II), A;, is closed. So D C Aj,. On the other hand, for any
z € A;,, we have by definition that pp(Z) < 0, ie., inf{m | Z —ml1l € D} <0. If
inf{m | Z—m1 € D} < 0, then there exists m < 0 such that £ —m1 € D. Then since
T <& —ml by D5z € D. Otherwise, inf{m | Z —m1l € D} = 0. Then there exists
my, such that my | 0 as k — oo and & — my1 € D. Hence & € D. In either case we
obtain that A;, C D. Therefore, we conclude that A,, = D. Q.E.D.

C Proof of Theorem 4

The proof for theorem 4 follows the same line as the proof for Theorem 1. We first

prove two lemmas that are similar to Lemma 1 and 2.

Lemma 3 Let B={g € R" | y1 < ys < --- < y,}. For any fixed Z € B and any p
satisfying Axiom C1, C2, ES, C} and p(Z) = 1, there exists a weight © = (w1, ..., wy,)
satisfying (14) such that the linear functional \(Z) £ Y1 wr; satisfies

A(Z) =1, (35)
AZ) <1 forall T such that p(T) < 1. (36)

A
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Proof. Let U = {Z | p(Z) < 1}. Axiom C1 and E3 imply that U is convex, and,
therefore, the closure U of U is also convex.
For any ¢ > 0, since p(Z —€l) = p(Z) —e =1 —¢ < 1, it follows that Z —e1 € U.

Since Z — ¢1 tends to Z as € | 0, we know that Z is a boundary point of U because

A~

p(2) = 1. Therefore, there exists a supporting hyperplane for U at Z, i.e., there exists

a nonzero vector @ = (wf,...,w)) € R™ such that \°(Z) := Y I wix; satisfies

A0(2) < XO(2) for all € U. In particular, we have

MN(3) < \(2),Vz e U. (37)
Let (i1,...,1,) be the permutation of (1,2,...,n) such that w) < w}
w) . And let (ji,...,jn) be the permutation of (1,2,...,n) such that i;, = k,k =

1,2,...,n. Define a new weight @ and a new linear functional as follows:

IN

W= (wi,...,w,) = (w),...,w)), (38)

NOE Z Wi, (39)

then @ satisfies condition (14).
For any fixed € U, by Axiom C4, p((zj,,...,z;,)) = p(&) < 1,80 (z,,...,2;,) €
U. Then, we have

ANZ) = Zwkxk = Zw?kxk = Zw?jk T,
k=1 k=1 k=1
= ngxjk = AO((lev"'van)) < AO('g) (40)
k=1

where the last inequality follows from (37). Noting that z; < ... < z,, we obtain
N(2) = ufz < wd = A(3). (41)
k=1 k=1

By (40) and (41), we have
AE) < A(Z), Va3 e U. (42)

We shall show that the strict inequality holds in (42). Suppose, by contradiction,
that there exists 7° € U such that A\(Z°) = A(2). With wyax = max(wy, wa, ..., wy),
we have 7° + e < 2% + ewpmax1 for any € > 0. Thus, Axiom C1 and C2 yield

p(E° + ew) < P(E° + eWmaxl) = P(T°) + Wmax, Ve > 0. (43)
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Since p(7°) < 1, we have by (43) that for small enough & > 0, p(7° +ew) < 1. Hence,
2% +ew € U and (42) implies A\(7° + ew) < A(Z). However, we have an opposite
inequality A\(Z° + ew) = A\(Z°) + ¢|w|> > A\(Z°) = A\(Z), leading to a contradiction. In

summary, we have shown that
AZ) < A(2),Vzel. (44)

Since p(0) = 0, we have 0 € U. Letting & = 0 in (44) yields A(Z) > 0, so we can
re-scale W such that A\(2) = 1 = p(2). Thus, (44) becomes A\(Z) < 1 for all & such
that p(Z) < 1, from which (36) holds. Q.E.D.

Lemma 4 Let B={g e R" |y1 <yo < --- <wy,}. Forany fizedZ = (z1,...,2,) € B
and any p satisfying Aziom C1, C2, E8 and C4, there exists a weight © = (wy, . .., w,)
satisfying (12), (13) and (14), such that

) > sz%, for¥z € B, and p(Z szzz (45)
i=1
Proof. The proof is obtained by using Lemma 3 and following the same line as
the proof for Lemma 2. Q.E.D.
The proof for Theorem 4 is as follows.
Proof. (1) Proof for part (I). We only need to show that under condition (14), the
risk statistic (15) satisfies subadditivity for any  and § € R™. Let (k1, ..., k,) be the
permutation of (1,...,n) such that (Z+9)k, < (T4 Gk, < ... < (T+F)k,. Then for

i =1,...,n— 1, the partial sum up to ¢ satisfies
> @+ o =Y E+ i =Y (wr + ) Z (46)
=1 =1 =1 =1

In addition, we have for the total sum

n n n

@G+ =D (w+u) =Y (x6) +ym). (47)

=1 j=1 j=1

Re-arranging the summation terms yields

n n—1 A n
pE+0) = sup {3 wi(E 7))} = sup D (wi—wiin) S (ET) g +un Y@+
we =1 wew i j=1 j=1



This, along with the fact w; — w; 11 < 0 and equations (46) and (47), shows that

pT+7) < sup {E —wis1) ¥ (@) +UG) +wa Y _(@6) +yi)}
W i=1 j=1 J=1
= Su E W; T (; + g w;
w@l/j\/{Z 1 ( y
< Sugv{§ w;x }+Sup{§ wiys } = P(T) + p(7)-
we

=1

(2) Proof for part (II). By Axiom C4, we only need to show that there exists a set of

weights W = {w = (wy,...,w,)} C R" with each @ € W satistying (12), (13) and

(14), such that p(Z) = supgepw{d i wiz;}, VI € B, where B={g € R" | y; <y <
< Unt-

By Lemma 4, for any point § € B, there exists a weight %) satisfying (12), (13)
and (14) such that (45) holds. Therefore, we can take the collection of such weights as
W = {@® | § € B}. Then from (45), for any fixed Z € B we have p(z) > S0, wPx;,
Vij € B; and p(%) = S, w™z;. Therefore,

= sup{Zw xl} = sup {Z w;x; b, VT € B,
=1

which completes the proof. Q.E.D.

D Proof of Theorem 5

Proof. (1) The proof for the “if” part is similar to the proof for part (I) of Theorem
1.
(2) The proof for the “only if” part: First of all, we shall prove

p(cx) = ep(z), Ye > 0,Vz > 0. (48)
By Axiom F3, we have p(0) = p(0) + p(0), so
5(0) = 0. (49)
Axiom F3 also implies
p(mF) = mp(z), Vm € N, 7 € R™, (50)
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and p(£2) = Lp(kz), Vm € N, k e NU{0}, Z € R", from which we have

k 1 k
0(—T) = —p(kz) = —p(T), V N, ke NU{0},z e R"
p(—&) = —p(kz) = —p(&), ¥m € N,k e NU {0}, 7 € R",
or equivalently for the set of nonnegative rational numbers Q" we have
p(qz) = qp(z), Vg € QT,7 € R™ (51)
In general, for any ¢ > 0 there exist two sequences {c\’} C Q* and {¢’} C Q, such

that cg) T cand 6512) | cas n — oo. Then for any z > 0, we have cg)i: <cxr < cﬁf’a}

for any n. It follows from Axiom F2 and (51) that

V(&) = p(eiPT) < plei) < p(elPF) = P (&), Yn, Vi > 0.

n

Letting n — oo, we obtain (48).

Secondly we shall show

By (50) and Axiom F4, we have

p(m1l) =mp(l) =m, ¥Ym € N. (53)
By Axiom F3, (49) and (53)

0= p(0) = p(ml) + p(—m1) = m+ p(—m1), Ym € N,
hence
p(—ml) = —m, Vm € N. (54)

By (50), p(k1) = p(m - £1) = mp(£1), Vm € N, k € Z, which in combination with
(53) and (54) leads to
A1) = % Vm e N,k € Z. (55)

m
In general, for any ¢ € R there exist two sequences {aﬁ}’} C Q and {6512)} C Q, such
that i) 1 ¢ and i) | ¢ as n — oo. By Axiom F2, we have A1) < plel) <
ﬁ(cg)l), Vn. Letting n — oo and using (55), we obtain (52).

Now we are ready to prove the theorem. Let é, = (0,...,0,1,0,...,0) be the k-th
standard basis of R", k = 1,...,n. For any & € R", let (z(),..., %)) be its order

statistic with x(,) being the largest. Then by Axiom F1 and F3, we have

p@) = pl(zay, - Tw))
= ﬁ(l‘(nl + (0, T(2) = L(1)y -y T(n) — x(l)))
= pA(CL'(l)].) -+ ﬁ((O, T@2) = L)y - L(n) — x(l))).
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Using (52), we further have

p(:L‘) = I + ﬁ((O, T(2) — T(1)y - T(n) — :L’(l)))
= 20) + (2@ —2) - (0,1,...,1) + (0,0, 2@3) — T(2)s s Tm) — T(2)))
= 2 + (T —r@) - (0,1,...,1)) + p((0,0,23) — T(2), -, T(n) — T(2))),

where the third equality follows from the comonotonic additivity. Therefore, by (48)

~

p(T) = xq) + (2@) — 2))p((0,1, ..., 1)) + p((0,0,23) — T(2), .-, T(n) — T(2)))

=) + (.13(2) — x(l))ﬁ((o, 1,..., 1)) + (.13(3) — x(g))ﬁ((o, 0,1,..., 1)) + .-
+ (@) — T(u-1))p((0; ..., 0,1))

= Z Wi (i),
i=1

where w; = p(>_7_; €;) — p(3_5_;11 €j), i =1,...,n, with &; being a vector such that
the jth element is one and all other elements are zero. Since ", w; = p(3_7_, &) = 1
and w; > 0,2 =1,...,n, by Axiom F2, the proof is completed. Q.FE.D.

E Calculate Influence Functions of TCE and TCM

Proposition 1 Suppose the random loss X has a density fx(-) that is continuous
and positive at VCLRHTa (X), then the influence function of TCM, is given by

s(a=1)/fx(VaRia (X)), @ < VaRua(X),
IF(z, TCM,,X) =<0, r = VGRHTa(X),
s(1+a)/fx(VaRua (X)), > VaRwa(X).

Suppose the random loss X has a density fx(-) that is continuous and positive at
VaR.(X), then the influence function of TCE, is given by

VaR,(X) — TCE,(X), if < VaRo(X),

56
15 — TCEL(X) — 12, VaRa(X), if x> VaRa(X). 0

[F(z, TCE,, X) = {

Proof. The result for TCM is given by equation (3.2.3) in Staudte and Sheather
(1990). To show (56), note that by equation (3.2.4) in Staudte and Sheather (1990)

40



the influence function of the (1 — a)-trimmed mean T} _,(X) 2 E[X|X < VaR,(X)]

is

z—(1—a)VaRa(X) . <
[P Thw X)=d & E[X|X < VaR,(X)], Tf r < VaR,(X), (57)
VaR,(X) — E[X|X < VaR,(X)], if z > VaR,(X).

By simple calculation, the influence function of F[X] is
[F(z, E[X], X) = = — E[X]. (58)
Since E[X] = aT1-o(X) + (1 — a)TCE,(X), it follows that
IF(z,E[X],X)=alF(z,Ti_a,X) + (1 — a)IF(z, TCE,, X). (59)

Now (56) follows from equations (57), (58) and (59). Q.E.D.
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